Abstract. We study cohomological properties of complex manifolds. In particular, under suitable metric conditions, we extend to higher dimensions a result by A. Teleman, which provides an upper bound for the Bott-Chern cohomology in terms of Betti numbers for compact complex surfaces according to the dichotomy b 1 even or odd.
Introduction
Let X be a compact complex manifold. Consider the double complex ∧ 
BC (X), (and same for Aeppli,) and b k := dim C H k dR (X; C) denotes the kth Betti number. The validity of the ∂∂-Lemma is characterized by
. Such a result is extended to generalized-complex structures, here including symplectic structures, in [ATo15, CS15] . An upper-bound of the dimensions of the Bott-Chern cohomology in terms of the Hodge numbers is provided in [ATa17] .
In this note, we study the cohomology of compact complex manifolds. In general, the degrees ∆ k measure the failure of ∂∂-Lemma, that is, non-cohomologically-Kählerness. In fact, they measure non-Kählerness for compact complex surfaces. This is because of the topological characterization of Kählerness in terms of the parity of the first Betti number, [Kod64, Miy74, Siu83] We notice that this result provides an answer to a question by A. Fujiki, asking whether ∆ 2 may change under deformations of the complex structure.
Corollary 0.2. For compact complex surfaces, ∆ 1 and ∆ 2 are topological invariants.
Note that this is no more true in higher-dimension: see the examples on the Iwasawa manifold in [Ang13] , and the examples on the Nakamura manifold in [AK12, AK17] .
In higher dimension, we get a result concerning the first degree ∆ 1 under additional assumptions concerning the existence of special Hermitian metrics. Theorem 1.7. Let X be a compact complex manifold of complex dimension n endowed with a Hermitian metric g. Suppose that its associated (1, 1)-form ω satisfies either the condition that 1. Non-Kählerness 1st degree for higher-dimensional complex manifolds Let X be a compact complex manifold of complex dimension n endowed with a Hermitian metric g. Denote by ω its associated (1, 1)-form. Recall that
is an elliptic differential operator with index zero and 1-dimensional kernel, [Gau75] . Define the Hermitian degree
Lemma 1.1. Let X be a compact complex manifold of complex dimension n endowed with a Hermitian metric g. Suppose that its associated (1, 1)-form ω satisfies the following condition:
BC (X), and that d α is primitive. Hence use Weil identity to write
Under the assumption (a), take β ∈ ∧ 2n−4 such that: (here π ∧ n−2,n−2 X denotes the natural projections onto ∧ n−2,n−2 X) ω n−2 = π ∧ n−2,n−2 X β with d β = 0 .
We have:
Remark 1.2. Note that the condition (a) in Lemma 1.1 yields that d d c ω n−2 = 0. That is, ω is asthenoKähler in the sense of J. Jost and S.-T. Yau, [JY93] . Note that the condition is trivially satisfied in case 2n = 4. In a sense, condition (a) is the (n − 2)-degree counterpart of Hermitian-symplectic condition in the sense of [ST10] . Note that a Hermitian metric satisfying d ω n−2 = 0 is actually Kähler, [GH80] .
Proof. Condition (b) assures that ∂ω n−2 = ∂∂η where η ∈ ∧ n−2,n−3 X. Then β := ∂η + ω n−2 + ∂η is a (2n − 4)-form such that d β = 0 and whose (n − 2, n − 2)-component is ω n−2 .
The following generalizes the result in [ATo11] , see also [EFV12] , in proving that conditions (a) and (b) are not satisfied for 6-dimensional nilmanifolds with invariant structures. Proposition 1.4. On a 6-dimensional non-torus nilmanifold endowed with a left-invariant complex structure, there is no left-invariant metric with the property (a) in Lemma 1.1.
Proof. In dimension 6, condition (a) is equivalent to have a Hermitian-symplectic structure. This is proven to be impossible on 6-dimensional nilmanifold in [ATo11, Proof. Indeed, in case the assumption (b) is true, then
which proves the statement. In case the assumption (a') is true, let ω n−2 = (d κ) (n−2,n−2) , and
Theorem 1.7. Let X be a compact complex manifold endowed with a Hermitian metric g. Suppose that the associated (1, 1)-form ω satisfies either condition (b) in Lemma 1.1 or condition (a') in Lemma 1.6. Then ∆ 1 = 0.
Proof. We claim that, under the hypotheses, the sequence
dR (X; C) yielding a zero class in Aeppli cohomology, that is, α = ∂f + ∂g for f, g ∈ C ∞ (X; C). Since d α = 0, then ∂∂(f − g) = 0. By the maximum principle, we get f − g constant.
Then α = d f yields the zero class in de Rham cohomology. We have that (1) is a complex, and it remains to show that all classes in 
This implies that ρ = d α is of type (1, 1) . By Lemma 1.1, we can replace the representative α by α − d c f in Aeppli cohomology in such a way that d(α − d c f ) = 0, thus proving the claim. It follows that 
Since ∆ 1 has to be even, this yields ∆ 1 = 0. 
